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Abstract-The paper shows that upper bounds on deflections of an impulsively loaded structure whose
behavior in the plastic range is strain rate dependent may be obtained by an application of the theorem of
minimum potential energy, with results valid for finite deflections and strains, The concepts of extremal path
behavior in strain-time space, due to Ponter, are used in order to provide unique definitions of strain energy and
complementary energy for the path dependent material. The theorems are illustrated by examples of fully
constrained beams in which deflections of the order of the beam thickness lead to large forces of membrane
type.

I. INTRODUCTION

Upper bounds on deflections and lower bounds on time of deformation (where appro­
priate) have been obtained by Martin for a variety of elastic and plastic (time-independent)
behaviors [2-6]. A class of time dependent inelastic behavior was treated by Martin [7] on the basis
of the inequality [8]

(1)

where Qt, j = 1,2 .. N, denotes a particular generalized stress vector at a point in a structure, qt is
a particular generalized strain rate vector (defined as "corresponding" to generalized stresses Qj),
and the functions w, 'I' are

(2)

The material behavior is of general viscous type with Qj = Qj(qk), qj = qj(Qk); these relations
between stress and strain rate states being path independent in the spaces respectively of strain rate
and stress. Equation (1) describes inelastic behavior obeying Drucker's extended postulates [9, 10]
for time dependent inelasticity. By means of the equation of virtual work rate Martin [7] derived an
inequality furnishing upper bounds on final deflections in terms of the initial kinetic energy of the
impulsively loaded structure. A second inequalitity furnished a lower bound on the duration time
from the known initial velocity distribution over the structure. For these bounds Martin made use
of the theorem of virtual work rate for infinitesimal deflections, in which the dynamically
admissible stress-acceleration system and the kinematically admissible velocity-strain rate fields
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are independent. The resulting limitation to problems of sufficiently small deflections is a serious
defect in many potential applications, for example those of beams and plates in which large
membrane forces are induced at deflections of the order of the thickness.

The present approach does not make use of the theorem of virtual work rate, nor does it restrict
material behavior to the class of viscous behavior treated by Martin. The results are applicable to
problems of large deflections and/or strains in an impulsively loaded structure of quite general time
dependent inelastic behavior. In the illustrative examples however we consider only problems of
fully constrained beams in which membrane forces must be considered when deflections are a few
multiples of the beam depth, but may be assumed small compared to overall structural dimensions;
and we assume a type of viscous stress-strain rate behavior. The approach makes use of the
theorem of minimum potential energy [12], valid for finite deflections, in the spirit of Martin's [5]
and Martin and Panter's [6) derivations of bounds for finite elastic deflections and finite
elastic-plastic (time-independent) deflections, respectively.

2. PRESENT APPROACH

"Strain energy" and "complementary strain energy" do not exist as well defined functions of
strain and stress, respectively, in a path dependent material. They are however well defined
functions of the terminal states if the respective line integrals are computed following extremal
paths. Following Panter [1], consider a fixed state of strain qt at a fixed time T which may be
reached by various paths from the origin of a space whose coordinate axes are the strain
components q l,q2 .. .qN and time t. For one or more paths the strain energy is a minimum. We may
write

(3)

where the first line integral is marked ep for an extremal path and the second is evaluated following
an arbitrary path. (Here Qj dqj is the increment of specific work, for example per unit length of a
beam, per unit middle surface area of a plate or shell, etc.) Similarly, the complementary strain
energy for fixed terminal stress Q/ and time T is maximized by extremal paths in the space (Qj, t)
and we may write

(4)

Ponter [l) showed that Wand nare convex functions, among other properties. The extremal paths
effectively define a material with holonomic properties, the stress becoming a uniquely defined
function of strain and time; and vice versa. For the special case of a rate dependent material
behavior defined by a homogeneous viscous relation between stress and strain rate the extremal
paths (which simultaneously minimize Wand maximize il) are extremely simple. Thus, if the strain
rate is derivable from a function W[Qj(T») which is homogeneous of degree n + 1, so that

and

Q . Q 8W
jqj = j 8Qi = (n + l)W

(Sa)

(5b)
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(by Euler's theorem), then W[qt(-T)] is rendered a minimum and O[Qt('7")] a maximum if

forO < t < '7", Qj(t) = n : 1Qt

t = '7", Qj('7") = Qt.

(6a)

(6b)

In other words, for the fixed strain state qt = (nln +1)Qt'7" attained at time '7", with corresponding
terminal stress state Qt, the strain energy and complementary energy

(7)

are minimized and maximized, respectively, by the special paths expressed by Eqs. (6). (Only the
homogeneity property Eqs. (5) is required; Ponter[1] derived this result for a somewhat more
restricted class of viscous behavior).

With well defined functions of specific strain energy and specific complementary strain energy,
the potential energy and complementary energy of a structure become well defined functions.
Consider a structure subjected to specified loads (surface tractions) p/ (x, '7") on surface ST and to
constraints such that on surface Su the displacements Ui are zero. (Here x denotes the coordinates
of a generic point say on the center line of a beam or in the middle surface of a plate or shell; pt', Ui"

i = 1,2,3 are vector surface forces per unit area, and displacement, respectively; and the "surface"
S = ST + Su denotes the domain on which external forces or reactions are applied). Then the
theorems of minimum potential energy and minimum complementary energy can be written (as if
for a nonlinear elastic material), if extremal paths are followed. The potential energy theorem is

(8)

where integration over the "volume" V represents integration covering the whole structure; the
system (UiC

, q;") satisfy the displacement boundary conditions and the equations of compatibility,
i.e. conditions of kinematic admissibility; and the system (u/, q/) are not only kinematically
admissible but (by extremal paths) lead to stresses Q/ which satisfy dynamic equations and stress
boundary conditions, as well.

3. BOUNDS ON DYNAMIC DEFLECTIONS

Consider a structure subjected to impulsive loading on ST so that there is an initial velocity
Ui (x, 0) = UiO(X), with initial displacements Ui (x, 0) =O. The response velocities Iii (x, t) vanish at
t = tf, so that

(9)

We seek an upper bound on u/(x) for given Ui\X).
Consider the same structure subjected to statical loading (surface tractions) p/ (x, t). The

complete solution at time t = '7", has strains q/ (x, '7") and stresses Q/ (x, '7") satisfying all kinematical
and dynamical equations, where Q/ are related to q/ by the holonomic relations corresponding to
extremal paths to the final strain state q/. We may write the potential energy for the statically
loaded structure at time '7" as less than that computed for an alternative kinematically admissible
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displacement-strain system, in both cases the strain energy being computed for extremal paths.
For the alternative system we take the system u, (x, T), qj (x, T) at time t = T of the impulsively
loaded structure. Equation (8) becomes

f W[q/(T) dV -1 p,'(x, T)ui' (x, T) dS,;;; f W[qj(T) dV -1 p;'(x, T)Uj(X, T) dS. (10)
v ST V S-r

The strain-time histories actually followed in the dynamic problem up to time T are of course
unknown. They are in general not extremal path histories for inelastic deformations, but in view of
the definition Eq. (3) and conservation of energy for the impulsively loaded structure we can write

(11)

where

(12)

are the kinetic energies at t = 0 and t = T of the dynamically loaded structures; m is the specific
mass in appropriate units. Combining Eqs. (10)-(12)

f W[q/(T)dV-1 P;'(X,T)U;'(X,T)dS,;;;Ko-K(T)-1 p;'(x,T)u,(x,T)dS. (13)
v Sr ST

Thus far, T is arbitrary, but we may now set T = t[, the time at which the impulsively loaded
structure comes to rest and the final deformations u/ (x) are reached. Using Eqs. (9) and
rearranging, Eq. (13) becomes

(14)

where U;'f (x) is the deflection at time tf of the structure loaded statically by the surface tractions
p;' (x, t), with material behavior assumed that prescribed by extremal path histories to the final
strain states. To obtain a bound on the displacement at x = XA in a direction corresponding to unit
vector n" we take p;' as a concentrated force P~n in the given direction at XA. If we choose P ~n(t)

such that at t = tf

then by Eq. (14) we have

f W[q/(tf)] dV = K o
v

(15a)

(ISb)

Thus the bound on the final displacements of the impulsively loaded structure is provided by the
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solution of the static problem in which the static force applied at the point where the dynamic
deflection is sought, and in its direction, produces a total strain energy equal to the given initial
kinetic energy Ko of the dynamic problem; the static problem is solved with the assumption that
extremal paths are followed to the final states u/f (x), qt (x), and are traversed in time tf·

Equations (15) express the bounding theorem sought. It is valid for finite deflections and strains,
and for very general inelastic material in which the time of traversal of strain or stress paths is a
parameter affecting the resulting stress or strain, respectively.

We note that the theorem of Eqs. (15) requires knowledge of the time tf at which the impulsively
loaded structure comes to rest, Eq. (9). This time is of course unknown. It may however in certain
cases be bounded above, and an upper bound on tf enables an upper bound on the deflection to be
computed. This will be illustrated. It turns out that the dependence on tf is a weak one, so that rough
estimates of tf may suffice for many practical purposes, even when a rigorous upper bound is not
available.

4. APPLICATIONS TO BEAM PROBLEMS

We illustrate the application of the bounding theorem stated above by showing the solutions of
two problems of constrained beams. One is a simple discrete model with a single mass and a single
"hinge" point, the other is a continuous beam of uniform mass and strength properties. In both
cases the ends are fully fixed so as to prevent pull-in. For the discrete model an exact solution by
numerical methods was obtained for comparison. For the fully constrained beam test results are
available[14] as well as related analytical and approximate solutions. The main interest in these
examples is in the large effects on the deformation magnitudes of the axial forces induced by the
end constraints. These effects appear at finite deflections of the order of the beam thickness. For
simplicity we shall use approximations appropriate to deflections that are small compared to the
span. We shall also for simplicity assume inelastic behavior of viscous type, in which the
constitutive equations relate stress to strain rate as in Eq. (Sa). Strain hardening is not considered
explicitly, but may be regarded as implicitly taken into account by the use of tli(Qk) relations for a
chosen appropriate level of strain. This is reasonable for strongly rate sensitive metals of practical
interest, for which the strain rate effect has been shown to predominate over strain hardening [15].

For constrained beam problems the constitutive equations needed are ones relating axial force
N and bending moment M to center line extension rate E and and curvature rate K. When
homogeneous relations are used the extremal path to a specified strain state (e, K) at a fixed time T

takes the simple form of Eq. (6). For convenience and simplicity we shall derive and use suitable
homogeneous forms relating (N, M) and (E, K).

These forms should express results of dynamic tests on beams with prescribed (E, K) histories,
but such tests appear not to have been made except for E == 0, N == 0 (Rawlings [16], Aspden and
Campbell[17]). We must therefore derive the needed constitutive forms by integration over the
beam section, using stress-strain rate relations furnished by tests in simple tension and
compression. We shall do this in the simplest way by assuming that the beam section is a
sandwich beam with flange separation h and total area A. For rigid-perfectly plastic behavior the
interaction between M and N is linear in each quadrant; for example

N M
-+-=1
No Mo

(16)

for 0 < N "" No; 0 "" M "" Mo, with similar equations for the other quadrants, Fig. 2. Here No, Mo
are the plastic limit magnitudes in pure axial loading and pure bending, respectively. For a
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(a)

pJ (X,T)

~---_/
Fig. I. (a) Typical problem of initial velocities due to impulsive loading. (b) Artificial static loading for deflection

bound theorem.

Fig. 2. Bending moment-axial force diagrams for beam. Curves A, B are yield diagrams for rigid-perfectly
plastic material (curve A for sandwich beam, B for rectangular section). Curve C shows typical curve

'I' = constantior time dependent (homogeneous viscous) material.

rectangular section the corresponding relation is a parabolic curve, as indicated by the dashed
curve in Fig. 2; hence the assumption of a sandwich beam involves an approximation on the
conservative side, i.e. replaces the actual section by a weaker one. Hence it is appropriate here.

For dynamic straining of a rate dependent material we take E and K to be given by
differentiation of a homogeneous potential function of M and N. It is convenient to use
dimensionless quantities (NINb), (MIM~); (E lEo), (K IKo) where Nb, Mb, Eo, Ko are constants
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expressing material and section properties. These will be discussed shortly. We write

N ' . a'l' M' . a'l'
0': = a(N/Nb)' oK = a(M/~)

where

(17)

A typical curve 'l' = constant is sketched in Fig. 2 showing some typical normal vectors (NoE,
MoK).

We showed in reference[18] that a homogeneous stress-strain rate relation may be
substituted for a more realistic inhomogeneous one by choice of constants appropriate for a
particular problem of impulsive loading. Suppose the "more realistic" form is

(
. )1/"

.!!.-=1+ ~
ao Eo

for E >0; for E=O (18)

where ao, Eo, and n are constants chosen to match simple tension/compression data of stress a vs
strain rate E in a certain range of strain rate and at a chosen strain level. (With three disposable
constants the above form enables an excellent fit to be made with strain rate test data for rate
sensitive metals such as mild steel or titanium. The typical concave upward shape when a is
plotted against log E is indicated in Fig. 3.) The above inhomogeneous form may be replaced by

4

3 Rigid - viscoplastic
curve fitting tests

/
,/

,/
,/

V -« Viscous matched
at ~.O·OI

"

oL.-_..J...._...J.._......L__l...-_..J...._...J.._----l__J....

-5 -4 -3 -2 -I 0 2 3

Log .(0).,
Fig. 3. Illustrations of homogeneous viscous curves with constants chosen to match rigid-viscoplastic curve

and test points (mild steel, n = 5, Eo = 40 sec").

S&S Vol. 11, No. 4-C
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the following homogeneous one
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~= (~) I/n

ITo £1
(\9)

This form has two independent constants. We have chosen Eo in Eq. (19) the same as in Eq. (18),
but have introduced new constants IT!" n' related to those of Eq. (18) by

(20)

If J.L and II are picked, as proposed in [18], so that the two curves of Eqs. (18) and (19) touch with a
common tangent at a particular strain rate E(O), then the viscous curve Eq. (19) always lies below
the curve of Eq. (18) see Fig. 3. Matching contact point and tangent at E(O)/Eo = vo,

(21)

Using these in Eqs. (20) for each initial strain rate E(O) in a one degree of freedom problem of
impulsive loading, the viscous form Eq. (19) leads to final deformations essentially the same as
those obtained by use of Eq. (18), the differences being less than 0·5 per cent, with Vo ranging
from 10-4 to 103

• Moreover since the replacement curve lies below the "more realistic" one, the
approximation is conservative.

In problems where the initial velocity UiO(X) is given, the initial maximum strain rate is not
specified in advance, but has to be estimated from the response. This means that an initial guess
must be made for the initial relative strain rate vo, J.L and n' = lin calculated from Eqs. (21), and
characteristics of the response determined. This furnishes a better value of vo, and the cycle must
be repeated. This process converges rapidly, and one repetition of the cycle suffices, as will be
illustrated. The simplifications of working with homogeneous forms seem well worth the
additional effort, which is not large.

To obtain the desired homogeneous constitutive relations for the sandwich beam, we assume
that each flange obeys the viscous law Eq. (19). It is straight-forward then to derive the relations
for N ~O, M ~O:

where

so that

K l{(N M)n. (M N)I N MIn.}-=- -+- +sgn --- ---
Ko 2 N!, M!, Mb Nb N!, Mh

(22a)

(22b)

(22c)
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The above expressions correspond to Eq. (17) with

Nbeo {( N M)n.+t IN Mln.+!}
'I' = 2(n' + 1) Nb +Mb + Nb - Mb .

Similar forms for the remaining three quadrants are obvious by inspection.

(23)

(a) Discrete mass example
It is instructive to outline first the application of the bound theorem derived above to the

structure model Fig. 4 consisting of a lump mass G connected by weightless members of length I
to fixed supports. These members are rigid except for a discrete element at the midpoint where
length changes e and bending rotations t/J occur. The rates of extension e and of rotation ~ are
supposed related to the axial force N and bending moment M in the same way as e and K
according to Eqs. (22).

The mass G is subjected to an impulse so that its initial velocity is Yo. It finally comes to rest
at time tf with final displacement urn

f. We seek an upper bound on urnf, supposing that the supports
prevent pUll-in but allow rotations of the rigid members. Such a bound is furnished by the
displacement Urn'f of the same structure model loaded statically by a force Prn'f applied in such
a way that at time tf the total work done, computed on the assumption that extremal paths are
followed, is equal to the initial kinetic energy Ko = ~GVo2 of the dynamically loaded structure. In
other words, urn

f <S: Urn'f provided Ko = I v W[t/J'f(tf )] d V, where t/J'f is the rotation associated with
!J-rn'f, and Wis the minimum work for the strain state t/J'f reached at time tf. In view of Eqs. (5) we
have

(24)

For the sandwich beam we write

(25)

(0)

(b)

Fig. 4. One degree offreedom structure model. (a) Impulsive loading. (b) Artificial static loading.
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where eo is a material constant with dimensions of length/time, corresponding to the constant of
strain rate sensitivity Eo in Eq. (18). Minimum work is achieved by the extremal paths

0",;; t < t' M'(t) =_n'_M'f Wet) =_n'_N'f, MS(t) = M sf NS(t) = N'f
f· n'+l' n'+l' f , .f •

Using these in Eqs. (24) and (25), the energy condition takes the form

1 I' ( n' )n'+l n'+l n'+l
KO='2Noeotf n'+l [(s+m) +Is-ml ]

with

(26)

(27)

(28)

The corresponding displacement Umsf is obtained by integrating the rotation rate over time tf ; if
(N/Nbr~(M/Mb),

I ('I , leot ( n' )n' , ,
um

sf
=: '2 Jo t/Js dt = --v( n' + 1 [(s + mr - (s - mn.

(29)

(30)

The condition of end fixity requires the extension at the hinge element to equal the increase of
length of the centerline due to the deflection. With deflections small compared to the span the
change of centerline length is given closely by

AL = l (L (aU)2dx
2Jo ax (31)

where L is the span. Applying this to the simple model the constraint-extension condition
furnishes the equation (if N /Nb > M /M b)

(32)

Now Eqs. (30) and (32) may be solved for s + m and s - m, which may then be substituted in Eq.
(27) to obtain a relation between the input energy K o and the bounding displacement Um sf

where

1 (2' )-0In')(2h ) 1+(1/n')Ko = 2. Mb ~otf T 8m [(8m+ 1)1+0 In') +(8m - 1)1+(1/n')] (33)

(34)
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It is convenient to introduce further dimensionless variables

Together with the previously defined

(35)

Eq. (33) takes the form

and
_ E(O)
Vo=-.- .

Eo

(36)

This equation provides the upper bound sought. For a given value of A the corresponding value
of 8m obtained from Eq. (36) bounds um! Ih, um! being the final displacement of the impulsively
loaded structure,

U !
mc<~
h~Um. (37)

This result Eq. (36) requires numerical values of VO and 1/. Of these, Vo is the initial strain rate in
the structure divided by the quantity Eo which is a material constant which is very large for a weakly
rate sensitive material and relatively small for one with strong rate sensitivity (e.g. of the order of
50 sec-I for mild steel). In the present example vo = 2Voill/fo, 2Vol I being the initial hinge rotation
rate due to the impulsive loading and ~o = Uolh. The present example is intended to show basic
ideas of the method, so for simplicity we put

_ . r h IMoh
vo = C v A, C = leo 'reF' (38)

For example if we take C = 0,1, then Vo = 1 at A = 100; this enables us at least to compare results
for different material constants or structural dimensions. In the second example we discuss a more
practical problem of evaluation of vo. Recall that Vo is needed in order to determine the appropriate
values of the factors !J- and II used in the process of matching a homogeneous viscous form to the
rigid-viscoplastic one, by Eqs. (21). With Eq. (38), Eq. (36) becomes

(39)

Finally, 1/ must be chosen. This is defined in Eq. (35) as the ratio of the "stopping time" t! of the
dynamically loaded structure to t/ which is the lower bound according to Martin's theorem [2] for
the deformation time of an impulsively loaded structure of rigid-perfectly plastic material. In the
present problem t/ is not merely a lower bound but is the actual stopping time of the rigid-perfectly
plastic structure. Hence it clearly provides an upper bound for the stopping time of the structure
with rate dependent plastic behavior. Thus we may take 1/ = 1 to obtain a sure upper bound on the
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final deflection of the present structure model. However the definition of T/ used above refers to the
time bound t/ according to a small deflection theory. In Section 5 we discuss a time bound for the
rigid-perfectly plastic structure which takes account of the strengthening effect due to full end
fixity. The result is obtained that t/ = t/ 120m. In Fig. 5 we have plotted the bound Om as function of
A, taking T/ = I and T/ = I120m; for both we have used C = 0·1. In this figure are shown for
comparison the "exact" final displacement computed by numerical integration. We show also a
curve giving the bounds for large deflections of the rigid perfectly plastic structure model, i.e. for a
non-rate sensitive material. These bounds are obtained by applying Martin and Ponter's method [6J
for finite deflection bounds for a time independent plastic behavior. The resulting bound on
umflh = 0;" is found to be

(40)

This is valid for A ~ 4. Finally, in Fig. 5 is drawn the straight line which gives the response if both
end fixity and time dependence are neglected.

(b) Fully constrained beam
As a second example we consider a continuous beam with ends fixed so that rotations and

pull-in are prevented. The beam has a span 41, constant mass per unit length m, and uniform plastic
and viscoplastic properties. It is subjected to impulsive loading so that it has uniform initial velocity
Vo. An analytical solution for rigid-perfectly plastic material behavior was given by Symonds and
Mentel [19J. Martin and Ponter [6] obtained finite deflection bounds for this material. Tests on mild
steel specimens were reported by Symonds and Jones [14], including results of numerical solutions
for several cases. Data for these tests will be used to illustrate the application of the present
approach to bounds for time dependent material. We shall assume viscous behavior of
homogeneous form as expressed by Eq. (22), with factors /L and v calculated by Eqs. (21) so as to
match rigid-viscoplastic behavior at the initial maximum strain rate divided by the material rate

Bounds by
present theory
'1=_1-

28m
Exact solution

I /' Bound
I Smoll deflections /'~ fmite deflections

r time Independent /' time Independent
/' /' material

I /'
I //
I //
I /

5 I //
I /
1/
1/
I

10

o 100 200 300 500

Fig. 5. Deflection bounds for one degree of freedom model. "Exact solution" obtained by numerical integration.
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~2/

I- .. I.. -j
/ I

(0 )

(b)

(cl

Fig. 6. Fully constrained beam example. (al and (bl Show impulsive loading, final deflections. (c) Shows artificial
static loading and corresponding deflection curve.

constant Eo and denoted by vo. The initial strain rates are unknown. They must be estimated from
the initial velocity and knowledge about the strain distribution deduced from the theory. A way of
doing this will be described. It will be seen that the results are insensitive to the ratio vo.

The application of the present bounds theory in this problem is basically similar to that outlined
above for the discrete model. A bound on the final mid-point displacement Um', reached at time t" is
given by the displacement Ums' at the same point caused by a force Pms applied statically during the
time interval t, in such a way that the total work done is K o, when the beam deformation occurs
according to extremal paths so that that the total work is minimized for fixed final strain states. By
symmetry we need consider only a quarter span. The energy condition can be written, following the
procedure leading to Eq. (27), as

K o = 4LW[ums'(t,)] dx = 4L{ep 1'1 (n + 1)'1' dt} dx

(

I )"'+11'n n'+1 n'+1
=4N~Eot, n'+1 0 [(s+m) +Is-ml ]dx

where

(41)

(42)

are the final values of stress reached by the paths of Eqs. (26) which minimize the strain energy.
Determination of the bound now requires finding the functions s (x) and m(x) of the statical

problem, so as to satisfy equilibrium conditions and the constraint-extension condition. We do this
by an iterative process. Consider the free body diagrams of the quarter span, Fig. 7. We shall



Fig. 7. Free body diagrams for statically loaded beam. (a) Quarter span of beam. (b) Part of quarter span.

assume that the deflections are small enough so that the axial force in the beam can be taken as

N'[ (x) e= N,'[ e= Constant

and

(43)

(44)

where N, 'I, VI ,[ are horizontal and vertical forces at the quarter point of the beam x = 1 (where
M'[ (I) = 0 by symmetry), and u, ,[ = u,[ (I) is the displacement at the quarter point. The deflection
curve is almost linear, the deformations being largely concentrated at "hinge" zones near x = 0 and
x = 21. We may write the deflection curve as

(45)

where I(x//) vanishes at x e= 0 and x = I. Then we can write

[ ( X) N~ ,[ (X)Js-rn=s, 1-2 I-T +M~u, IT

where

Note that the curvature and axial strain are (for s ~ rn)

(46a)

(46b)

(47)
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Itf • t ( I )n'
I< sf = U sf = Kdt = lOo f _n_ [(s + mr' - (s - mr')

xx 0 h n'+l

417

(48a)

(48b)

We may start an iteration by dropping the term ulsff(x/l)NblM~ in Eqs. (46), so that 5 +m and
5 - m have linear variation with x. Equations (48) give the curvature and strain in terms of Z, 5 I and
a numerical function of x. Thus 51 can be found by applying the constraint-extension condition in
terms of Z:

The slope Ux'f(x) is found from u~ by integration, putting

sf fotf ( n' )n' "' [( X)"' ( X)n.]Uxx==T n'+l 51 l+Z-Zy - l-Z+Zy .

Thus

and

where

F(Z) = f {f [(1 + Z - z~r' -(1- Z + Zar') doJ dg

G(Z) = i l

[(1 + Z - zgr' + (1- Z + zgr') dg.

The constraint-extension condition thus furnishes

We have also, by direct integration from Eq. (49)

sf 2 sf 21 2
• ( , )"'~=~=~ _n_ "'H(Z)

h h h2 n' +1 51

and

K = 81M' fotf (_n,_)n'+1 n'+1I(Z)
o 0 h n' + 1 51

(49)

(50a)

(50b)

(5Ia)

(5Ib)

(52)

(53a)

(53b)
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where
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H(Z) = l '(I - g)[(1 + Z - ZO" - (1- Z + ZO"'] dg
o

1(Z) = 11

[(I + Z - zon+1 + (1- Z + Zg)""I] df
o

(54b)

If we now use the result Eq. (52) for S J, in Eqs. (53), and use the dimensionless variables

we obtain

(55)

_ (~)I/n' [O(Z)J I+(lin')

A - 161L [2iot
f

1(Z) F(Z)

~ = 20(Z)H(Z)
Urn F(Z)'

(56)

(57)

It is seen that, apart from the factor (h 2/[2 iotf )1/n', a numerical choice of Z in Eqs. (56) and (57) leads
to the bound 8m for the corresponding energy parameter A. Our equations are written for S ~ rn, so
that we take values 0 ~ Z ~ 1. (Physically by Eq. (44) the parameter Z as defined in Eq. (47)
represents the ratio of the net moment at x = 0 to the axial force N,'f times h/2; thus small Z
corresponds to large deflections, with "membrane effects" predominating over bending.)

Thus we have the desired bound

(58)

by inserting values of Z ~ I in Eqs. (56) and (5J), provided we can assign realistic values to the
factor (h

2Wiotf )I/n'. This factor involves the unknown time tf at which deformation ceases in the
dynamic problem. In addition, we must be able to estimate the "initial relative strain rate"
vo = €(O)/io, in order to obtain the constants IL and v by Eq. (21) which enable us to match the
homogeneous viscous form Eq. (19) to the rigid-viscoplastic one of Eq. (I8). Fortunately the
results are insensitive to the choices both of tf and of vo.

To deal with the first difficulty, that of estimating tf, we again introduce the ratio 71 of tf to the
lower bound t/ computed by Martin's theorem for a rigid-perfectly plastic structure with small
deflections. In the present example we have

(59)

We write Vo in terms of A and constants of the structure from the definition Eq. (55). Thus we
obtain

(60)
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having made use of Mo = aoAh /2, m = Ap, where ao is the static yield stress and p is the mass per
unit volume. Thus h 2WEotf can be evaluated numerically for a particular structure and material in
terms of 7/ and A. Now 7/ = 1 certainly provides an upper bound on tf for the rate dependent
material; t/ here clearly gives the actual deformation time for the small deflection-rate
independent problem, and tf is less than t/ because the strain rate sensitivity raises stress levels
and shortens the stopping time. Thus if we put 7/ = 1 we will obtain a valid upper bound on the
deflection of the viscoplastic case. We can do better, however, by modifying Martin's small
deflection time bound theory to take account of finite deflections when the ends are fully
constrained. This is discussed in the next Section, where it is shown that for the fixed-ended beam it
is appropriate to take

(61)

the two values 7/ = 1 and 1/ x 1/ lim are used in the illustrative example, taking constants for one of
the series of mild steel beams tested by Symonds and Jones [14], namely h =0·1 in., / = 1·25 in.,
Eo =40 sec-I, ao = 30 x W psi, n = 5, p = 0·73 x 10-3 lb. sec2/in4

• Putting these in Eq. (56) we
obtain finally

(
' r,:;2h2 ~-) I/vo [O(Z)] I+Olv.)A1+0/2.0) = 16 _v_..:: -'2 ao [(Z)--

11 7/Eo/ p F(Z)

where, with the numbers listed above

V:2/~2 lao = 1.16.
Eo '/ p

(62)

(63)

Finally a means of estimating the initial maximum strain rate must be provided. The initial
uniform velocity distribution must be used together with information about the deflection shape
gained from the present theory. We do this by adopting the point of view of the mode
approximation technique [20]. Thus we write the velocity pattern of the beam in mode form, i.e.
with separated variables

u* = aT(t)~(x) (64)

where T(t) is a function such that T(O) = 1, ~ (x) is the constant "shape function" (also normalized
in any convenient way), and a is a scalar factor which may be chosen to give a "best fit" with the
given initial velocity distribution for a chosen function <!>(x). For initial uniform velocity Vo and
<!>(x) =x/2/, the method of [20] gives a =3/2 Yo. Now we may write the initial curvature rate as

.*o( )=~ V u~~(x)u xx X - 2 0 sf
Um

(65)

where u ~~ is the curvature function generated by the static solution for the force Pmsf. In other
words, we are computing the amplitude factor 3/2Vo from the approximate linear deflection
curve, but we are using the curvature distribution generated by the non-linear viscous behavior
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corresponding to equilibrium requirements of the statically loaded and fully constrained beam. The
maximum initial strain rate is (h/2)titO(0); hence va is given by

teO) h 3 u:~O) 3 h JMeh
vO=-'-=-2' 2-VO-s-f =VA 16 -:--/3 -feZ)

Eo Eo Urn Eo m

where

feZ) = (I +zr' - (1- Z)"'
H(Z)

For the beam test data as given above, we obtain

va =o·109 J(Z)VA

(66)

(67)

(68)

In Fig. 8 are plotted the upper bound curve Om (A) using Eqs. (57) and (62) together with Eqs. (68)
and (21); 7'J has been assigned the two values 7'J = 1 and 7'J = 1/8m • An iterative procedure is
necessary, starting with a chosen value of Z and a "guessed" value of va. This is illustrated by the
calculations for Z = 0·5 shown below. Rapid convergence due to weak dependence of J.I- and v on
va is evident. (The method "works" efficiently because of this, in fact). The bounding curve lies
above the test points and the exact values obtained by finite difference numerical integration
quoted from[14]. It lies below the bounding curve[6] and the solution curve[19] for rate
independent behavior. The linear solution when constraint and rate effects are both neglected is
also shown; it is wildly inaccurate except for Um / h ~ I.

o

Calc. test II thickness (in)
o 'V 0·110
o 0 0092

/', 0158
o 0190

Ie
I

10

I
I
I

~"'l
I

~ <: I
5

o 100 200 300 400 500

theory

o

600

Fig. 8. Fully constrained beam with uniform impulsive loading, comparison of deflection bounds from present
theory with test results and numerically computed values from Ref. (14]. Comparisons also shown: Curve A
deflection bound for rigid-perfectly plastic material (6]; Curve B solution for rigid-perfectly plastic case (19J;

Curve C solution for rigid-perfectly plastic case for small deflections (19].
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Cycle

1
2
3

1 2
6·58 1,%5
6·40 1·966

n' = 5v Om

10 4·76
8·43 5·01
8·45 5·01

A

153·3
189·0
189·1

5. TIME BOUND FOR FINITE DEFLECTIONS

In the following we propose a modification of Martin's [2] approach to a lower bound on
deformation time, to take account of finite deflections. It applies to a structure of rigid-perfectly
plastic (rate independent) material. We know (Nayfeh and Prager [2]) that in many circumstances
Martin's time bound provides an exact result for a structure of that material. (It is almost always a
good approximation, even when not exact). In these circumstances it provides an upper bound for
the same structure of rate dependent rather than rigid-perfectly plastic material, since the
deflection shapes do not differ greatly in the two cases.

Martin's time bound theorem is based on the convexity-normality inequality for time
independent plastic flow

(69)

(where Qj is the stress at which plastic strain rates qj occur, and Qt satisfies the yield condition
<p(Qn:s:: 0), and makes use of the principle of virtual work ratl; for small deflections. A time
independent velocity field u/ = <Pcc (x) and associated strain rate field qt = kt (x) are introduced,
these satisfying kinematic requirements (compatibility and zero velocity boundary conditions);
stresses Qt (x) correspond to kt (x) through Eq. (69). Consider now a structure with initial
deflections, in particular whose initial center-line curve or middle surface differs from the actual
initial curve or surface by the final displacements u/(x) = Uj (x, tf ) of the structure due to impulsive
loading such that its initial velocities were UIO(X) = Ui(X, 0). Applying the technique of Martin's
theorem to the structure with initial deflections, we obtain

(70)

where we have written the specific energy dissipation rate as Qtkt to emphasize that this quantity
is to be computed for the fictitious structure with initial deflections rather than the actual structure.
Otherwise the argument is the same as for Martin's result of identical form.

Applying this to the discrete structure model of example (a), we choose velocity field
um

c
= <pm

c = 1, with rotation rate ~c = 2/1 across the hinge. The dissipation rate corresponding to
the linear yield curve of Eq. (16) is

(71)

We must take account of the flow rule, which requires the strain rate vector (Noe, Mo~) to be
normal to the straight sides of the yield curve (hence Noe = Mo~ in the first quadrant) or within the
the angle defined by adjacent normals at its corners. There are three possibilities for 0 :s:: N :s:: No,
O:s::M:s::Mo:
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(a)
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(72a)

(b) (72b)

(c) M=O: N = No, Qtkt = Noc". (72c)

For the fixed end condition, since the structure model has initial midpoint displacement um
f
, the

total extension rate c" =2um/l. Thus except for case (a) with N =0, Qtkt =2Noum/1. Putting
this in Eq. (70), we obtain

t/ = GVol = t/ =JL
2Noum Noum/Mo 20m

(73)

where Om = um/h, and t/ = GVol/2Mo is the time lower bound for case (a) (the usual small
deflection result of Martin's theorem). The time bound for finite deflections of Eq. (73) corresponds
to the choice TJ = 1/2om , which leads to the more realistic deflection bound for the discrete model,
as indicated by the curve in Fig. 5.

For the continuous beam problem example (b), we choose velocity field it" = 4> c (x) = x /21. We
obtain for N of- 0

-" 2mlVo 2Mot/ t/tf = f =--f=-
NoumII Noum Om

(74)

(75)

where t/ is the small deflection bound, Eq. (59). This result corresponds to the choice TJ = l/om

used in the calculated bounding curve for example (b), shown in Fig. 8.

6. DISCUSSION AND CONCLUSIONS

The computed upper bounds lie above the deflection magnitudes obtained by numerical
integration in the example of a simple discrete model, and those observed in tests in the example of
a beam with full end fixity. In the latter case the bounds are appreciably higher than the deflection
magnitudes obtained in tests and by numerical finite difference calculations (Fig. 8), while for the
discrete model they are quite close to the "exact" solution obtained numerically. This difference
may be due to the use of a sandwich beam model for the computed bound instead of a rectangular
section used in the tests and simulated by the finite-difference model. This and other simplifying
approximations all are conservative, i.e. tend to raise the computed bound.

The need to estimate or bound from above the actual deformation time is a defect of the present
approach. (The same difficulty appears also iIi Martin's small deflection bound theory [7]).
Although the upper bounds obtained here from the rigid plastic bound are valid for the examples
discussed and for other cases where the main deforming zones of the dynamically deforming
structure can be identified intuitively, it would be advantageous to have a rigorous theory for upper
bounds on time of deformation.

The present method requires the solution of a problem of static loading of a time dependent
material for finite deflections, and this requires considerably more effort than do the bounds
theorems previously given for small displacements, even with the simplifications of deflection
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geometry and homogeneous viscous behavior adopted here. A more systematic approach,
undoubtedly by numerical methods, will be necessary in order to deal with more complex
structures, arbitrarily large deflections and strains, and the very general time dependent inelastic
behaviors which the basic theorem (Eqs. 15) is capable of treating. The calculations in such an
approach will be long compared to those needed for small deflection problems, but since a statical
problem must be treated by what is essentially a deformation theory of plasticity, they will be minor
compared to those in wholly numerical complete solutions of the corresponding dynamic
problems. The present method should provide guidance for such numerical solutions when
complete time histories of response are required.
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Nole added in proof
It is implied by statements in the paper (e.g. page 422, sentence at end of lower paragraph) that no theorem is available

furnishing an upper bound on the time tf when deformation ceases. L. S. S. Lee [J. Appl. mech. 39, 904-910 (1972)] has in fact
stated and applied the following theorem: The deformation time If of the mode form solution with smallest rate ofdissipation of
energy, and whose initial kinetic energy is that of the impulsively loaded structure, is not less than that of the actual response of
the structure. The method sketched in the present paper for determining an approximate upper bound on I" with consideration
of finite deflections, will in many cases give a valid deflection bound, smaller than when Lee's theorem is used to obtain tf •
However, since it is not rigorous, it may be advisable also to make the calculation using If as computed by the theorem stated
above. The authors are grateful to Dr. T. Wierzbicki for pointing out Lee's method.


